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The History of Mathematics, An Introduction
1. Discussions about great mathematicians

2, Utilize tools of a time to solve problems

3. Prove the proofs

&, Describe the mathematics of a particular
topic
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Quadrature of the Cirde
"Squaring the Circle”

« Construct a square whose area isequal to the
area of agiven arcle

« Areacrderadius r=rnr’
* Areasquare = J?
. Want to construct / suchthat I1=vrr =/t
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More constructible numbers 1 cannét b
conplfuflad
 Positive Iintegers

» Adding, subtracting, multiplying, and dividing ,E’J & cmuwf \a
constructible numbers yields another coniuchd
constructible number.

» The square root of a constructible number I1sa
constructible number.



Hippocrates of Chios (460-380 B.C.)

« Studied the impossible construction problems
— Sguaring the circle
— Doubling the cube
— Trisecting an angle

He made significant contributionsto area
— Squaring a lune
— Reducing doubling cube problem
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The Trisection of an Angle

Although Hippocrates advanced two of the three famous construction problems, he made
no progress with trisecting an angle. The bisection of an angle with only straightedge and
compass is one of the easiest of geometrical constructions, and early investigators had no
reason to suspect that dividing an angle into three equal parts under similar restrictions
might prove impossible. Some angles can obviously be trisected. In the special case of
the right angle POQ, the construction 1s found as follows. With O as a center, draw a
circle of any radius intersecting the sides of the angle in points A and B. Now draw
a circle with center at B and passing through O. The two circles will intersect in two
points, one of which will be a point C in the interior of angle POQ.
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Triangle BOC 1is equilateral, hence equiangular; therefore ZCOB = 6(°. But then

LCOA = 90° — 60° = 30° = 3(90°),

and line OC 1is a trisector of the right angle.
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S. Multiply the number 12,3;45,6 by 60. Describe a - jif L =1

simple rule for multiplying any sexagesimal number

by 60; by 607

60| (12-60)* (3-66)+(15- 60) (6-65°)]

X

1633

8. Multiply l ,;-l(;lré |:,! by 10 and express the result
in Chinese rod numerals. Describe a simple rule for
multiplying any Chinese rod numerals by 10; by 10°.
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2. An Old Babylonian tablet calls for finding the area of
an 1sosceles trapezoid whose sides are 30 units long
and whose bases are 14 and 50. Solve this problem.
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7.

Because a is smaller than va? + b when b > 0,

whereas a + b/a 1s larger, the Babylonian
mathematician often approximated v/ a> + b by
taking the average of these two values; that 1s,

| b
«/a?-_-l-bwz[a+(a+—)]
a
b .
=a+ —, 0<b <a”“.
2a°

Use this formula to get rational approximations to

Skip Lester

V2, ﬁ and +/17. [Hint: In the first case put a = %

b— , 1n the second case, puta =2, b = 1.}




3.4 Problems

I. For a vanation of Hippocrates' argument that the area
of a lune could be reduced to the area of a circle,
begin with a square ABCD and construct a semicircle
on its diagonal. With the point D as a center and
AD as radius, draw a circular arc from A to C, as
in the fhigure. Prove that the area of the lune, shaded
in the figure, is equal to the area of triangle ABC.
[Hint: Stmilar circular sections (the region between a
chord and the arc subtended by the chord) have areas
proportional to the squares of the lengths of their i‘A

Consraef

D
chords. Apply this fact to the similar sections I and 11.] e e & \e
zemicircle ™ 0 ‘Ang
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4. The Greek mathematician Menaechmus (c. 350
B.C.), the tutor of Alexander the Great, obtained a
purely theoretical solution to the duplication
problem based on finding the point of intersection
of certain “conic sections.” To duplicate a cube
of edge a, he constructed two parabolas having
a common vertex and perpendicular axes, so that
one parabola had a focal chord (latus rectum)
of length a and the other a chord of length 2a. Prove
that the abscissa x of the point of intersection of the

two parabolas satisfies the condition x* = 2a?; the = !
sought-for x, the cube’s edge, 1s thereby obtained. X I ;
a —_— = A X
Y yﬂ- X q
X = ay q — q
’ >, ¢




Isaac Newton (1642-1727) suggested the following
construction for duplicating the cube. Given a
segment AB, erect a perpendicular BR to AB and draw

(a) Trangles ABC and DEC are similar, whence

BT so that angle ABT equals 120°. Let D be the g _ 2 &
point on BT such that if AD is drawn meeting O 8
BR at C, then CD = AB. '
(b) ADEE; Tan=-8.
l tan 30 o= A
J3 " BE = DE

T b+ y " ab + be’

(¢c) The result of squaring the last equation
and substituting b?> = ¢* — a® is

('3(2a +c) = 2{13(25: + ¢).

(d) Since ¢ = 2a’, the cube of side AC is double

Establish that if DE is drawn perpendicular to BR, e i

each of the following will be true: ( aa B C{“
ob+ be ) (& WA’ )

9

0

o’ (CQ' O‘J) + JaclP- az) (@) C




Area = Zab+anrZ2+bA/?

2 2 . .
(m. ’”21.} m2+1) s a Pythagorean triple

// | \ N e fak st KEZ{— (’m;l )é@ .
| o ke B g

Plako was dll (30,01, 0%1) b o ppbegorn kiple .
dniook X of, Elma, ucd inhd tconpe -
06 p\{)-l-l‘@%or eAn 'Lriplﬂs s -%—;: (( A mn, ma..- “g; ma n nﬂ)

w,N 62 wﬁlsrL MON.




HW% 73 Maﬂmom SIOP LeSter

ﬂ l';, |7
2. Find all right triangles with sides of integral length 1 Y= zgin@ P ' 90’4
whose areas are equﬂl to their penmeters [Hm.f The
4 equations x* + y* =z and x + y + z 3 xy imply - 72050
that (x — 4)(y — 4) = 8.]
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4. Verity that (3, 4, 5) 1s the only Pythagorean triple
involving consecutive positive integers. [Hint:

Consider the Pythagorean triple (x, x + 1, x 4+ 2) and
show that x = 3.]

3&%@;&} ((X...y‘z 7 >0\ X74y?=2 ?

(x)+ (xs1)> <><+;1> > Tha 13, y21,2-5

X(X-3)z3 x3 o x-2’3

X=
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15. A standard proof of the Pythagorean theorem starts (a) b\)T'ﬁ — —
with a right triangle ABC, with its right angles at €, A2 Ac -
and then draws a perpendicular CD from C to the i
hypotenuse AB. Ac AD CD
cte 4 _ b
: o C a
a
D
. o = clcte)
L b B

(a) Prove that triangles ACD and CBD are both
similar to triangle ABC.

(b) For a triangle ABC with legs of lengths a and b
and with hypotenuse of length ¢, use the
proportionality of corresponding sides of similar
triangles to establish that a® + b* = 2.
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{%3 The paradox @ 36"%
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ExAm |e$ ‘{‘ Lc!pe lain .
. Proposition 15. 1f two Imes cut one another, then
they make vertical angles that are equal. |Hint:
Appeal to Proposition 13, which says that if a ray 1is
drawn from a point on a line, then the sum of the
pair of supplementary angles formed 1s equal to two

right angles.]
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16. Use the Euclidean algorithm to obtain integers x and J72 I

; : 2383
y satlsfymg: a :Qb.‘. - 04 ¢b Ot,b(_',-z‘_ byo “yYq %‘
(a) gcd (56,72) = 56x + 72y. ©) ged (119,273)- 1= 0 372+ 19
(¢) gcd (119,272) = 119x + 272y. 9= 2-44s3
(d) gcd (1769, 2378) = 1769x + 2378y. C=12+3
=13+ (3
©) 8c§ _(ge,'?;)-u 56¢= 0.72+Se (b) 3c§§§&|s€)~ e
72=1-5b+ 16 39=5-24+ 14 2=21+0
G= - [138-5-2f] 3=2-5+3
%= Se-3[72-5¢e) S6=316+8 247 1-184¢
8=-3(72) +4(s6) 16= 2B +0 Gi GéM_ 11'[33 8=3-640 Td(m’m);?
K=-3 =4 r = 3-[5-3)=~1= ;{ls-a-s]-[‘sn-ua]
W) fﬁcd(gﬁqfﬁzg) —1769= ©-2378+17¢4 435
squ e sq  Q37d=11761+ SA
Y= 769= 3-SO9+212
5 odlbeaxrg]
3‘4 H 509 =2-242 +3s
24Y2=9-25+ 17
as =1:(7+8
17228+
$=4-1+D

20. (a) Find all prime numbers that divide 40! (recall
that 40! =1-2-3-4...40).
(b) Find the prime factorization of the integers
1234; 10,140; and 36,000.

o) 40!
g Pl we, knad ¥ n € iomgioielne@ac%rof?‘if)-i
OQQ Pcimes lesg +Hhan 4o JJ/W&W olmrle 70.‘
L= §2,35.711,13,17.19,33, 22,3,375 = prime Fickes oF 40
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39 a“'5-5<2‘7 = (2°3)(25)
3 13657 =F.5-133 %67
T g I “



